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Understanding and controlling polyelectrolyte adsorption onto carbon nanotubes is a fundamen-
tal challenge in nanotechology. Polyelectrolytes have been shown to stabilise nanotube suspensions
through adsorbing onto the nanotube surface, and polyelectrolyte-coated nanotubes are emerging as
building blocks for complex and addressable self-assembly. The conventional wisdom suggests that
polyelectrolyte adsorption onto nanotubes is driven by specific chemical or van der Waals interac-
tions. We develop a simple mean-field model and show that ion-image attraction is a significant
effect for adsorption onto conducting nanotubes at low salt concentrations. Our theory suggests a
simple strategy to selectively and reversibly functionalize carbon nanotubes based on their electronic
structure which in turn modifies the ion-image attraction.
INTRODUCTION
Carbon nanotubes (CNTs) are one of the most im-
portant and ubiquitous building blocks in nano devices
[1–3]. Their plethora of applications range from tran-
sistors [4, 5] and electrical wires [6, 7] to probes for in
vitro imaging of biological systems [8–10]. Exploiting
the interaction between polyelectrolytes and CNTs is a
recurring theme in many of those applications: CNTs
can be dispersed in solution via polyelectrolyte adsorp-
tion [11–13] and conducting CNTs can be separated from
the semiconducting CNTs [14–16], although how the elec-
tronic structure of CNTs affects adsorption is hitherto
less clear. Polyelectrolyte-nanotube complexes can them-
selves be used as chemical sensors [17], electro-optical
materials [18], as well as building blocks for complex self-
assembled structure [19] such as plasmonic metamaterials
[20]. Moreover, understanding the interaction of CNTs
with biopolymers, which are often charged, is important
when assessing the in vitro toxicity of CNTs [21].
Previous theoretical studies and simulations explain
polyelectrolyte adsorption onto CNTs in terms of specific
chemical interactions, such as pi−pi stacking between aro-
matic monomers (e.g. nucleobases in the case of DNA)
and the nanotube surface [22–27]. This microscopic pic-
ture is deduced from classical molecular dynamics simula-
tions of CNT-polyelectrolyte interactions which neglects
the electronic structure of the CNT, perhaps because
the development of efficient simulation techniques to ac-
count for metallic surfaces is still ongoing [28–31], and use
Lennard-Jones potentials to model CNT-polyelectrolyte
interactions. Those pioneering works show that specific
chemical affinity is a sufficient condition for adsorption.
Nonetheless, they raise the broader questions of whether
adsorption is unique to polyelectrolytes with significant
nonelectrostatic interactions and what role does the elec-
tronic structure of CNTs play in driving adsorption.
In this paper, we argue that there is another significant
effect driving adsorption – the ion-image attraction. The
ion-image attraction arises as external charges polarise
electrons on the surface of a conductor. This induces an
equal and opposite surface charge which lowers the self-
energy of ions near conducting boundaries, thus attracts
ions closer to the surface of a conductor [32]. Unlike
specific chemical interactions, the ion-image attraction
is a universal feature between ions and electrical conduc-
tors, and its strength and range depends on the electronic
structure of the material [33]. An emerging body of sim-
ulations using constant potential surfaces have already
demonstrated the importance of including ion-image in-
teractions to understand the physics of ions near inter-
faces, such as the arrangement of ions near metallic elec-
trodes [34, 35], in carbon nanopores [36–39], as well as
polyelectrolyte adsorption onto a planar surface with a
low dielectric constant where the ion-image interaction
is repulsive [40]. Moreover, recent experiments directly
revealed the effect of the electronic structure of the sub-
strate on hydrodynamic flows in nanotubes [41, 42] and
phase behaviour of electrolytes under nanoconfinement
[43]. However, the role of ion-image interaction in poly-
electrolyte adsorption onto CNTs remains unexplored.
We will first introduce a mean-field theory for polyelec-
trolyte adsorption, and show that ion-image interactions
can dominate over van der Waals interactions at low salt
concentrations. We will then map the adsorption phase
diagram, demonstrating how salt concentration could be
tuned to allow selective adsorption of polyelectrolytes de-
pending on the electronic structure of the CNT. The goal
of our paper is to present a physical picture of how ion–
image interactions could be a simple handle to control
polyelectrolyte adsorption onto CNT, via estimates of
the van der Waals and ion-image energies. As such, a
simplified but analytically tractable model will be used.
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We model the polyelectrolyte as a polymer with lin-
ear charge density ρ with N freely hinged links of Kuhn
length l each. The CNT exerts a potential U(r) on each
segment. In the continuum limit, the probability density
G(r, r0, L) (Green’s function) with one end point located
at r and the other end point located at r0 is given by the
equation [44–50][
∂
∂N
− l
2
6
∆r + βU(r)
]
G(r, r0, L) = δ(r−r0)δ(N). (1)
where β = kBT . The probability of finding the polymer
approaches zero at infinity and at a hard wall, thus
lim
|r|→∞
G(r) = 0, and G(rs) = 0. (2)
where rs is the location of the CNT surface. G(r, r0, L)
can be expressed in terms of a bilinear expansion
G(r, r0, L) =
∞∑
n=0
fn(r)f
∗
n(r0)e
−λnN , (3)
where fn(r) and λn are given by the eigenvalue problem[
− l
2
6
∆r + βU(r)
]
fn(r) = λnfn(r). (4)
In the limit of a long polymer chain, N  1, the low-
est eigenvalue dominates Equation (3) and G(r, r0, L) ≈
f0(r)f0(r0)e
−λ0N . Therefore, the polymer is adsorbed
to the surface if and only if a bound state exists, which
corresponds to λ0 < 0.
To compute the eigenvalues of Equation (4), we need
to estimate the polyelectrolyte-CNT interaction potential
U(r) and the persistence length l. First we will consider
the ion-image contribution (Uii(r)) to U(r) and later we
will estimate the strength of the van der Waals contribu-
tion. We ignore specific chemical interactions as our goal
is to estimate how ion-image interactions, which is an
universal feature of charges near conducting interfaces,
could drive adsorption. Uii(r) can be estimated by con-
sidering a point charge q of the polyelectrolyte located
at distance rq, where r = 0 defines the axis of the CNT
which we model as an infinitely long cylinder with radius
a. Assuming an uniform dielectric constant ε, within the
Debye-Hu¨ckel approximation the potential φ satisfies
∇2φ− κ2Dφ = −
q
ε
δ(r− rq), (5)
where κD =
√
8pilBc is the inverse Debye length, with
lB = e
2/(4pikBT ) the Bjerrum length and c the salt
concentration. The electronic structure of the CNT en-
ters into the electrostatic boundary value problem via
the metallicity (also known in the literature as the quan-
tum capacitance [51]). The metallicity arises as one of
the electrostatic boundary conditions: the electric field
inside and outside the CNT is related to the induced
charge ρind via Gauss’ law
ε[n · ∇φ] = −ρind
2pia
=
Cqφs
2pia
, (6)
where [ · ] denotes the jump across the CNT surface, n
is the unit vector normal to the surface (defined to point
in the direction outside of the pore). To arrive at the
second equality, we assumed linear response, thus the
induced charge is proportional to the potential at the
surface, φs, with the constant of proportionality Cq being
the metallicity [52]. The classical boundary condition
for an ideal metal, φs = 0, is recovered for Cq = ∞.
Solution of Equation (5) with boundary condition (6) and
the conditions of global continuity and asymptotic decay
of the potential [32] can be found via standard Fourier
transform techniques.
The ion-image interaction arises because the presence
of a metallic boundary lowers the self-energy of ions. The
self-energy of ions is lower if they are closer to the metallic
boundary, thus the ions experience a body force. The
self-energy is related to the potential via
Eself(rq) = q lim
r→rq
[φ(r, rq;Cq)− φ(r, rq; 0)] . (7)
Substituting the solution of Equation (5) into (7), and
noting that the polyelectrolyte is continuous and assumed
to be homogeneously charged, we arrive at the ion-image
interaction energy density
βUii(R) = − lB
pia
(
ρl
e
)2 ∞∑
m=−∞
∫ ∞
−∞
dx
 C I2m
(√
x2 + (κDa)2
)
K2m
(√
x2 + (κDa)2R
)
1 + CIm
(√
x2 + (κDa)2
)
Km
(√
x2 + (κDa)2
)
 , (8)
where we have introduced dimensionless quantities C =
Cq/(2piε), R = r/a, and Km and Im are the m
th modified
Bessel function of the first and second kind.
To close the problem, we now turn to estimate the per-
sistence length l, which accounts for the mechanical stiff-
ness of the polymer chains as well as the intrapolymer
electrostatic interactions. For a worm-like chain poly-
electrolyte, the Odijk-Skolnick-Fixman theory gives the
3simple expression [53, 54]
l = l0 +
lB
4A2κ2D
, (9)
where l0 is the bare persistence length, and A the dis-
tance between elementary charges along the chain (lB in
the case of Manning condensation). Equation (9) con-
tains the salient physics that like-charge repulsion be-
tween charge groups on the polyelectrolyte increases stiff-
ness, thus the persistence length is a decreasing function
of the Debye length.
The system of equations, Equations (4), (8) and (9),
is the salient result of this paper. Those equations relate
the sign of the ground state eigenvalue, λ0, to the dimen-
sionless parameters κa, Cq/2piε, and lBρl/piae. We con-
sider typical parameters of Cq ≈ 2× 10−10 F/m [55, 56],
a ≈ 0.4 nm, c ≈ 1 mM, and  = 80, l0 = 50 nm [57] (pa-
rameters for double stranded DNA are used as a typical
estimate for polyelectrolytes), with effective linear charge
density ρ = 1/lB to account for Manning counterion con-
densation.
RESULTS
Figure 1a-b shows that the strength of the ion-image
interaction energy, Equation (8), is controlled by the salt
concentration and metallicity. The ion-image interaction
is stronger for metallic CNTs with larger metallicity thus
higher concentration of free electrons on the CNT sur-
face to respond to the external charge. Increasing the
ion concentration decreases the ion-image interaction as
counterions screens the electric field from the polyelec-
trolyte ions. For comparison we also plot an estimate of
the van der Waals interaction between a (6,6) CNT and
GC(10) dsDNA in water using the Gecko Hamaker soft-
ware tool [58], showing that the ion-image interaction is
significantly larger in magnitude, even at distances much
larger than the nanotube size. At low salt concentra-
tions (long screening lengths) the ion-image interactions
become a dominant source of polyelectrolyte-CNT inter-
actions.
The dependence of the ion-image interaction on salt
concentration and metallicity can be used to control poly-
electrolyte adsorption. Figure 2 shows the phase diagram
for the adsorption-desorption transition as a function of
the metallicity and the inverse Debye length for param-
eters corresponding to dsDNA. Importantly, tuning the
salt concentration allows a metallicity-selective adsorp-
tion of polyelectrolytes onto CNTs. At high salt concen-
tration, the ion-image interaction is screened by counte-
rions, thus polymers can only adsorb on CNTs with a
large metallicity as the ion-image interaction energy for
CNTs with lower metallicity is insufficient to hold the
polyelectrolyte at the nanotube surface.
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FIG. 1. The strength of the ion-image interaction energy,
Equation (8), is controlled by the (a) metallicity and (b) salt
concentration. All variables except the independent variable
is set to the typical values estimated in the main text. The
ion-image interaction energy is significantly stronger in mag-
nitude compared to the van der Waals energy for distances
r/a . 240. Lower salt concentrations (corresponding to lower
κa) lessen the electrostatic screening factor and thus are pre-
ferred for stronger ion-image interactions.
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FIG. 2. Adsorption-desorption phase diagram: Tuning the
salt concentration (i.e. κa) allows metallicity-selective ad-
sorption of polyelectrolytes onto CNTs. The curve is plotted
with the typical parameters estimated in the main text.
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FIG. 3. The thickness of the adsorbed layer, denoted by rmax,
increases with salt concentration. Plotted above for a (6,6)
CNT with radius a = 0.4068 nm and C = Cq/2piε = 0.05.
Inset: The c = 1 mM probability distribution of monomers
near the CNT surface, which has a maximum at rmax.
The interplay between Debye screening and ion-image
interaction can also be exploited to control the thickness
of the adsorbed polyelectrolyte layer. Figure 3 shows the
thickness of the adsorbed polyelectrolyte layer increases
for increasing salt concentration. We take the thickness
of the adsorbed layer to be the location of the peak in
the probability distribution of monomers near the CNT
surface (c.f. the inset of Figure (3)).
In deriving our model, Equations (4), (8) and (9),
we have made several assumptions which we will now
comment on. First, we considered the weak adsorption
regime, where the entropic free energy of polyelectrolyte
is comparable to the ion-image interaction with the CNT
and thus interactions with the CNT only weakly perturbs
the conformation of the chain [59]. This is expected to
hold near the vicinity of the adsorption-desorption tran-
sition, which is the subject of this paper. Second, elec-
trostatic interactions is treated using Debye-Hu¨ckel the-
ory, which is a mean-field approximation only valid in
the asymptotic limit of dilute electrolyte, l3Bc  1. The
adsorption-desorption transition occurs at O(mM), thus
l3Bc = O(10
−4) and the mean field approximation is rea-
sonable. Third, we assumed that the polyelectrolyte pro-
file is built up near the adsorbing surface without dis-
turbing the electrostatic potential and ionic distribution
near the interface. This approximation is made to render
calculations analytically tractable. For constant charge
surfaces, a more general self-consistent field theory has
been presented in refs. [60, 61], although a self-consistent
computation of just ion-ion interactions near a metallic
surface is considerably more complex [62–65], let alone
for a polyelectrolyte system. Fourth, we modelled the
CNT as an infinite long cylinder. This assumption is jus-
tified when the persistence length of the polyelectrolyte
is much greater than the persistence length of the CNT
(typically O(100 µm) [66]), which holds for the exam-
ple of double stranded DNA considered here. We have
also neglected the rod-like nature of the polyelectrolyte
segments in computing the ion-image interaction energy.
Finally, the electronic structure of the CNT is modelled
using a linearised metallicity (quantum capacitance). For
sufficiently large surface potential, the metallicity be-
comes potential-dependent. In the non-linear regime, the
superposition property of linear partial differential equa-
tions which we relied on to relate the ion-image interac-
tion energy of a point charge to the ion-image interaction
energy of a polyelectrolyte is invalid.
DISCUSSION AND CONCLUSIONS
In summary, we showed how ion-image interaction
could drive polyelectrolyte adsorption onto carbon nan-
otube independent of any chemical affinities between the
monomers and the nanotube. The ion-image interac-
tion is tunable by varying the salt concentration and is
strongly dependent on the electronic structure of the nan-
otube. As such, varying the salt concentration is a simple
strategy to selectively and reversibly functionalise of car-
bon nanotubes based on their electronic structure, and
the phase diagram mapped by our theory suggests rele-
vant regions of the parameter space. Experiments and
simulations which systematically the effect of metallicity
on polyelectrolyte adsorption is scarce; we hope that our
theory provides a framework to design experiments and
motivate further investigation. In particular, ref [43] re-
ported a set of experimentally viable surfaces with vary-
ing metallicity, and extending this pioneering work to in-
vestigate polyelectrolyte adsorption would be an exciting
direction.
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